Gru nbaum has conjectured that any arrangement of n pseudolines in the real projective plane has at most 1 3 n(n&1) triangular faces when n is sufficiently large. We prove this conjecture for n 9; the result does not hold for n 8. The structure of extremal examples is explored and an infinite family of non simple arrangements with 1 3 n(n&1) triangles is constructed. As an application, we show that the number of simplices in arrangements of n 10 pseudoplanes is always less than 1 12 n(n&1)(n&2).
A General Upper Bound for the Number of Triangles
In [4] , Gru nbaum has proposed several conjectures for the number p 3 of triangles in arrangements of lines or pseudolines in the real projective plane. One of the problems consists in finding the best general upper bound for p 3 , and can be stated in the following form: Conjecture 1.1 [4] . There is an integer n 0 such that any arrangement of n n 0 pseudolines satisfies p 3 1 3 n(n&1). Conjecture 1.1 is motivated by the fact that the bound 1 3 n(n&1) can easily be obtained for simple arrangements of n 4 pseudolines, i.e., arrangements for which no more than two pseudolines go through each crossing point. The proof, due to Canham, may be found in [4, p. 27 ]. The bound 1 3 n(n&1) has also been proved by Strommer in the case of simplicial arrangements (i.e., each face is a triangle) of n 14 pseudolines, see [11, Corollary 2] . For general arrangements, Purdy [9] has obtained the weaker inequality p 3 7 18 n(n&1) when n 6. The main goal of the present paper is to prove Gru nbaum's conjecture: We point out that Theorem 1.2 is in a certain sense best possible. Indeed, we have proved in [10] that the equality p 3 = 1 3 n(n&1) is achieved for infinitely many simple arrangements (an alternative construction of such arrangements has also been obtained by Harborth [7] ). Moreover, the value n 0 =9 in Theorem 1.2 cannot be decreased. More precisely, we will show that the seven arrangements of Fig. 1.1 are (up to isomorphism) the only counterexamples to the inequality p 3 1 3 n(n&1). The problem of characterizing extremal examples, i.e., arrangements satisfying p 3 = 1 3 n(n&1), seems to be difficult. The aim of Section 5 is to illustrate the complexity of the situation by constructing an infinite family of non-simple extremal arrangements and giving some indications and conjectures on the structure of extremal examples.
A brief application to the 3-dimensional case is given in the last section. We show that every arrangement of n 10 pseudoplanes in the real projective space of dimension 3 has at most 1 12 n(n&1)(n&2) simplices. For simple arrangements, this upper bound can be obtained with an analog of Canham's method, but in contrast to the 2-dimensional case, equality is impossible.
Definitions and Notation
Our terminology is essentially the same as in Gru nbaum's survey [4] . An arrangement of pseudolines is a collection A of n simple closed curves in the real projective plane P, such that any two curves of A have exactly one point in common at which they cross. The degenerate case of pencils (i.e., all pseudolines go through the same crossing point) is also eliminated by convention.
Any arrangement A decomposes P into a 2-dimensional cell complex, defining the vertices, edges, and faces of A. For any vertex x of A, let t(x) be the number of pseudolines that contain x. We denote by t k the number of vertices such that t(x)=k. We say that A is simple if t(x)=2 for each vertex x of A. We use the notation (xy) for the pseudoline passing through two vertices x and y of A and [x, y] for the edge joining x and y; the number of edges is denoted by e. Pencils being eliminated, each face of A has at least three edges. Three-sided faces are called triangles; an arrangement is simplicial provided all its faces are triangles. We denote by p k the number of k-sides faces of A.
We notice that all of the preceding definitions are invariant under isomorphism, thus two isomorphic arrangements will generally not be distinguished in what follows. We say that A is stretchable if A is isomorphic to an arrangement of straight lines. Finally, we mention that arrangements of pseudolines are related to the theory of oriented matroids; more precisely, there is a 1 1 correspondence between isomorphism-types of arrangements of pseudolines and reorientation classes of rank 3 oriented matroids, see [1, Section 6.2] for more details. Inequality p 3 1 3 n(n&1)
We first show that if suffices to prove Theorem 1.2 for arrangements A such that no more than four pseudolines go through each vertex x of A.
To that purpose, we use a relaxation method, often referred to as the perturbation principle in oriented matroid theory, see [1, Section 7.3] .
If t(x)=5, let F 1 , F 2 , ..., F 10 denote the faces of A that contain x, with the convention that there are no more triangles among [F i , i even] than among [F i , i odd]. Then, we modify A in the neighborhood of x, as shown in Fig. 3.1 . In the new arrangement obtained by this relaxation, the number p 3 of triangles has not decreased.
If t(x)=6, then the perturbation given by Fig. 3 .2 (with similar conventions for the numbering of the faces) leads to the same result.
If t(x) 7, we can even make the modification in such a way that p 3 increases. The reader will easily find such a construction by using the examples given in [3] or [11, Theorem 6] .
The perturbation principle can also be used to eliminate certain vertices x with t(x)=3 or t(x)=4.
Assume that t(x)=3 and that the number of triangles containing x is either less than 4, or equal to 4 but the two non-triangular faces are not consecutive and not opposite. Then, by the transformation shown in Fig. 3 .3, the number of triangles does not decrease.
Assume now that t(x)=4 and that the number of triangles containing x is either less than 6, or equal to 6 but the two non-triangular faces are not opposite. Then, by the transformation described (up to symmetry) in Fig. 3 .4, the number of triangles does not decrease.
Repeated application of the perturbation principle transforms A into an arrangement A$ such that p 3 (A) p 3 (A$) satisfying the following properties:
(ii) every vertex x of A$ with t(x)=3 or t(x)=4 is one of the types listed in Fig. 3 .5 (where triangles are shaded).
Any arrangement satisfying the conditions (i) and (ii) will be called a reduced arrangement. By the preceding observations, it suffices to prove Theorem 1.2 for reduced arrangements. We point out that an arrangement A of straight lines may be transformed, by perturbation, into a nonstretchable arrangement A$. The use of pseudolines seems therefore necessary with our method.
We state the main lemma, which proof will be presented in Section 4. 47 arrangements of pseudolines jean-pierre roudneff . On the other hand, we have :
by counting pairs of pseudolines according to their intersections. Combining (3.2) and (3.3) leads to the inequality p 3 1 3 n(n&1) for reduced arrangements, hence for all arrangements, of n 9 pseudolines. K 4. Proof of Lemma 3.1
We begin with some definitions. For each edge e=[x, y] of the arrangement A, we consider the nature of e with respect to the set of triangular faces of A. We say that e is interior (resp. bounding, exterior) if e is contained into exactly 2 (resp. 1, 0) triangles of A. The number of interior (resp. bounding, exterior) edges of A is denoted by e int (resp. e bound , e ext ).
The edge e=[x, y] also defines two arcs: xy (from x to y) and yx (from y to x). Let | be an integer-valued function defined on the set of arcs of A, which will be thought throughout as a weight function on the arcs. We define the weight of the edge e=[x, y] as |(e)=|(xy)+|( yx), the weight of the vertex as |(x)= |(xy) (the sum being extended to all the vertices y such that xy is an arc), and the total weight of A as |(A)= |(xy) (the sum being extended to all arcs of A). On the other hand, applying the vertex rule leads to the minoration |(A) 12t 2 +12t 3 +8t 4 .
Lemma 3.1 then follows from the elementary counting 2e int +3e bound +4e ext =2e+ :
Proof of Theorem 4.1. We describe an algorithm for the construction of a weight function satisfying the edge and vertex rules. The algorithm applies to all reduced arrangements of n 9 pseudolines, except in six particular cases for which an ad hoc weight function or a direct verification of the inequality p 3 1 3 n(n&1) is needed. These six examples will appear naturally as the only arrangements (up to isomorphism) containing certain critical configurations.
The proof is divided into two parts. First, we define simultaneously, for each edge [x, y], the weights |(xy) and |( yx), in such a way that the edge rule is satisfied. Then, we proceed to the verification of the vertex rule. Some remarks and refinements, which have not been included to the proof, for simplicity sake, are given in the third part of the discussion.
Part I (Construction of the Weight Function). The definition of |(xy) is very simple for exterior and bounding edges.
If [x, y] is exterior, we always set:
If [x, y] is bounding, we always set:
For interior edges, the situation is more complicated, since the definition of |(xy) depends on the disposition of pseudolines and triangles in the neighborhood of x and y, so that several types of arcs xy have to be considered. Let :=t(x) and ;=t( y). It is assumed (by symmetry) that t(x) t( y), and the weight |(xy) is represented graphically by |(xy) arrows from x to y. Figures also use the following conventions: triangles are shaded and bounding or exterior edges are drawn as bold curves. Since P is not orientable, each figure has to be considered up to symmetry. Note that the case t(x)=t( y)=2 does not appear in the discussion for the reason that it is incompatible with the assumption that [x, y] is interior. Indeed, since two pseudolines have exactly one point in common, we would have a=b (with the notation of Fig. 4.1) . Moreover, any other pseudoline of the arrangement would contain the vertex a, so that n 5 since A is reduced: contradiction.
This kind of arguments will be used several times (with less details) in the second part of the proof.
Part II (Verification of the Vertex Rule). We now show that the vertex rule holds for every vertex x of A, except for six special arrangements that will be defined during the proof. Using the same arguments as in the end of Part I, we observe that t(a 3 )=2 is impossible for a reduced arrangement of n 9 pseudolines. Thus, t(a 3 ) 3, and similarly, t(a 4 ) 3. By the definition of the weight function, we have |(xa 3 ) 3 and |(xa 4 ) 3, hence |(x) 12.
1.3. x belongs to 4 triangles. As in Case 1.2, we notice that t(a i ) 3 for each i. The vertex rule is clearly verified if, for all i, we have |(xa i ) 3, i.e., if no arc a i x is of simplicial type S(3, 2). Assume on the contrary that there is an arc of type S(3, 2) with, for instance, i=3.
1.3.1. t(a 1 )=4. Then, the arc a 1 x is of type I & (4, 2) or S(4, 2) and a 2 x and a 4 x are of general type G(3, 2). Thus, |(x)=12. (3, 2) . As a 2 x and a 4 x are of type G(3, 2), it follows that |(xy) 12 (see Fig. 4 
.3).
Case 2. t(x)=3. Let a 1 , a 2 , a 3 , a 4 , a 5 , a 6 be the vertices incident to x (in a certain cyclic order).
2.1. x belongs to exactly 4 triangles. Since A is reduced, we have (up to renumbering) one of the two situations shown in Fig. 4 .4. The inequality We show that either |(xa 3 )+|(xa 4 ) 3, or |(x) 12 directly. Using a symmetric argument with a 6 and a 5 then leads to the result.
We observe that if t(a 3 )=t(a 4 )=2, then a 2 =a 5 , hence n 7: contradiction. Similarly, t(a 4 )=t(a 5 )=2 is impossible. By the definition of the weight function, we have |(xa 3 ) 1 and |(xa 4 ) 1. Moreover, |(xa 3 )= |(xa 4 )=1 if and only if a 3 x is of type I + (3, 3) and xa 4 is of type G(3, 2). We assume that this is the case in what follows, and we prove that |(x) 12. We are in the situation described in Fig. 4 G(3, 2) . In what follows, we assume for instance that xa 1 is of type G (3, 2) . In particular, we have t(a 1 )=2 and |(xa 1 )=1. As in Case 2.2, we notice that t(a 2 ) 3 and t(a 6 ) 3. More generally, two consecutive vertices a i and a i+1 cannot satisfy t(a i )=t(a i+1 )=2 (this will be used implicitly). In what follows, we distinguish several cases which, by symmetry, cover all the possibilities.
2.3.1. xa 1 is the only arc of type G(3, 2).
If t(a 2 )=4 or t(a 6 )=4 then, |(xa 2 ) 3 or |(xa 6 ) 3 by the definition of |, and the inequality |(x) 12 is immediate.
If t(a 2 )=t(a 6 )=3, then one of the edges [a 1 , a 2 ] or [a 1 , a 6 ] is bounding (for otherwise xa 1 would be of type S (3, 2) ). Thus, |(xa 2 ) 3 or |(xa 6 ) 3 and |(x) 12 follows as before. (3, 3) , we get |(xa 2 )=4, which proves |(x) 12. Fig. 4 
.7).
We also assume that |(xa 4 )=|(xa 6 3.1. { 2 and xa 1 is of type S(4, 3). Clearly, xa 2 and xa 4 cannot be of type S(4, 3), and xa 3 cannot be of type S(4, 2).
3.1.1. xa 2 is of type S(4, 2). Since the pseudolines (xa 3 ) and (a 1 a 8 ) cannot cross twice, the vertex named b on Fig. 4 .9 is equal to a 7 . Moreover, any other pseudoline of A (if any) must pass through a 7 . As we have already drawn 8 pseudolines, three of which containing a 7 , we must add exactly one new pseudoline D to the Fig. 4 .9 in order to have n 9 and A reduced. Furthermore, D does not contain c, because (a 7 c) is already 
.10 (where D is the line at infinity).
A 9 is the first arrangement for which the vertex rule does not hold, since we only have |(x)=7. However, a special weight function can easily be found for A 9 or, more conveniently with respect to Theorem 1.2, a direct verification of the inequality p 3 1 3 n(n&1) can be made. We notice that A 9 is an extremal example since p 3 (A 9 )=24= 1 3 _9_8. 3.1.2. xa 3 is of type S(4, 3). We obtain the configuration shown in Fig. 4 .11. As d=a 5 and c=b, the pseudolines (a 5 b) and (dc) of Fig. 4 .11 must be equal. It is then possible to reconstruct the whole arrangement, but only with n=8: contradiction.
xa 4 is of type S(4, 2)
. Similar arguments show that it is possible to reconstruct A, but only with n=8 pseudolines.
xa 5 is of type S(4, 3)
. We obtain the configuration shown in Fig. 4 .12.
If t(a 3 )=3 or t(a 7 )=3, we easily get n=8: contradiction.
If t(a 3 )=t(a 7 )=4, then |(xa 2 )=|(xa 4 )=|(xa 6 )=|(xa 8 )=1 and |(xa 3 )=|(xa 7 )=2, hence |(x)=8.
xa 5 is of type S(4, 2).
If t(a 3 )=3 or t(a 7 )=3, we easily obtain that A is isomorphic to the arrangement A$ 9 of 9 lines described in Fig. 4 .13. If t(a 3 )=t(a 7 )=4, then |(xa 3 )=|(xa 7 )=2, hence |(x) 8.
{ 2 and xa 1 is of type S(4, 2)
. Clearly, xa 2 cannot be of type S(4, 2).
3.2.1. xa 3 is of type S(4, 2). This situation is possible, but only for n=8, as easily seen.
xa 4 is of type S(4, 2)
. As easily verified, n=9 and [a 6 , a 7 ] cannot be an edge of A, thus |(x)=8 (see Fig. 4 .14).
We notice that, up to isomorphism, there are only two arrangements satisfying the conditions of Case 3.2.2., one of them being extremal, with p 3 = 1 3 _9_8.
xa 5 is of type S(4, 2).
If t(a 3 )=2, we obtain n=8: contradiction.
If t(a 3 )=3, then xa 3 is of type I + (4, 3) or F(4, 3), thus |(xa 3 )=2.
If t(a 3 )=4, then |(xa 3 )=2.
By doing the same work with a 7 , we obtain |(xa 7 )=2, hence |(x) 8. We notice that the conditions of Case 3.2.3. imply that n=9. [a i , a i+1 ] is interior.
3.3.1. xa 1 is of type S(4, 3). Using the preceding remarks, we deduce that t(a 3 )=t(a 7 )=3.
If t(a 4 )=2, we get the configuration shown in Fig. 4 .15, which implies n=8: impossible.
Similarly, t(a 6 )=2 leads to a contradiction.
Thus, we have t(a 4 )=t(a 6 )=3. By the above conditions, t(a 5 )=2, and we obtain the configuration shown in Fig. 4 .16.
The vertices b and c must be equal, and t(b)=4 (for otherwise a 5 x would be of type S(4, 2)). Then, n=10, and A is easily seen to be isomorphic to one of the arrangements A 10 or B 10 of 10 pseudolines represented in Fig. 4 .17.
The vertex rule does not apply for A 10 and B 10 but we notice that p 3 (A 10 )=28< 1 3 _10_9 and p 3 (B 10 )=27. 3.3.2. xa 1 is of type S(4, 2). As t(a 3 )=2 is impossible (it would lead to n 8), the remarks stated at the beginning of Case 3.3 show successively that t(a 3 )=3 and t(a 4 )=2. Using symmetry, we also have t(a 7 )=3 and Part III (A Synthesis). We must admit the condition n 9 is somewhat ad hoc in the statement of Theorem 1.2. In fact, the inequality p 3 1 3 n(n&1) holds for an arbitrary number of pseudolines, provided the weight function satisfies the edge and vertex rules in the reduced arrangement. Therefore, a more adapted statement of Theorem 1.2 would be that p 3 1 3 n(n&1), except for a finite number of critical examples. The reduced critical arrangements, which behave as local obstructions to the algorithm, can all be determined, since by Part II, all of them must contain certain very particular configurations. By carefully checking the above proof, it turns out that there exist precisely seven reduced arrangements A 3 , A 4 , A 5 , A$ 5 , A 6 , A 7 , and A 8 satisfying p 3 > 1 3 n(n&1) among those for which the algorithm fails (see Figure 1.1) . As easily seen, no other arrangement can be reduced to one of these examples by the allowable perturbations of Section 3. Thus, the seven arrangements of Figure 1 
Theorem 4.2. Any arrangement of n pseudolines which is not isomorphic to one of the special arrangements A 3 , A 4 , A 5 , A$ 5 , A 6 , A 7 , or A 8 given in Figure 1 .1, satisfies p 3 1 3 n(n&1).
Extremal Examples
The purpose of this section is to give some information on the structure of arrangements of n pseudolines with a maximum number of triangles. We have already determined these arrangements when n 8, see Fig. 1 [11, Corollary 3] ).
In the sequel, we assume that n 9, and we restrict our attention to arrangements which are extremal with respect to the inequality of Theorem 1.2, i.e., arrangements satisfying p 3 = 1 3 n(n&1). As 1 3 n(n&1) must be an integer, a``global'' necessary condition for the existence of such arrangements is n 2 [3] . On the other hand, our proof of Theorem 1.2 gives a local necessary and sufficient condition; A is an extremal arrangement if and only if : Figure 5 .1 the number of triangles is conserved by the allowable perturbations considered in Section 3; the vertex rule writes as an equality for each vertex of the reduced arrangement A$ (or A$ is isomorphic to A 9 , A$ 9 , A 10 , A$ 10 , B 10 , or B$ 10 ).
By carefully checking the proof of Theorem 4.1 (and adding easy details), we observe that certain configurations which had not been eliminated by perturbation cannot yet occur in extremal arrangements, since the vertex rule turns to a strict inequality for at least one vertex. More precisely, it can be proved that the only possible types of vertices in reduced extremal arrangements are those listed in Fig. 5 .1 (compare with Fig. 3.5) .
Conversely, we can show that each type of vertex represented in Fig. 5 .1 may be found in an adequate extremal arrangement.
The simple extremal arrangements constructed in [7] and [10] only have vertices of type (2c).
Vertices of type (2a), (2b), (3b), and (4a) appear in the special arrangements A 9 , A$ 9 and A$ 10 found during the proof of A 4 (13) in [5, p. 90 ] (see also [4, p. 18] and [6] ); however, the existence of an extremal arrangement with n=12 does not seem to have been noticed previousely.
We suspect that vertices of types (3c) and (4a) only occur in sporadic examples. In contrast, vertices of type (2b), (2c), (3a), and (3b) may be found in infinitely many extremal arrangements, as shown by the following construction.
Theorem 5.1. There exist infinitely many non-simple arrangements satisfying p 3 = 1 3 n(n&1). Proof. Let R(4k+2) denote the regular simplicial arrangement of n=4k+2 lines, consisting of the 2k+1 lines determined by the edges of a regular (2k+1)-gon, together with the 2k+1 axes of symmetry of that polygon ( [4, p. 9] ). Assume that there exists a simple extremal arrangement A of 2k+2 pseudolines (this is actually possible for infinitely many values of k, see [7] , [10] ), and let L denote a pseudoline of A. We transform R(4k+2), using perturbation in the neighborhood of the center of the (2k+1)-gon, in such a way that the 2k+1 modified pseudolines form an arrangement isomorphic to A "L . Figure 5.3 (a) and (b) describe the construction in the particular case k=2.
The resulting arrangement T (4k+2), which is clearly non-simple, is an extremal arrangement: the equality p 3 = 1 3 n(n&1) can be obtained by a direct computation or by observing that equality holds in each relation for the vertex rule in the weight function algorithm. K Since n=4k+2 is even, the faces of R(4k+2) (and T(4k+2)) can be bicolored (so that any two faces with a common edge are colored differently). We remark that all of the triangles of T(4k+2) created by the perturbation receive the same color, say black. The relaxation of R(4k+2) can then be pursued in the following coherent way: we apply the perturbation principle to the other vertices of R(4k+2) in such a way that each black face remains triangular, see Fig. 5.3(c) . The resulting arrangement S(4k+2) is simple, and all its black faces are triangles; thus S(4k+2) is a simple extremal arrangement, see [7] .
We believe that this construction is general. The relaxation method can also be applied in order to produce arrangements with an odd number of pseudolines and a large number of triangles. Consider, for example, the regular arrangement R(4k), where k is such that there exists a simple extremal arrangement of 2k pseudolines, and let L be an axis of symmetry of R(4k). Then, we can use as before the perturbation principle in the neighborhood of the center of symmetry of R(4k)"L. We obtain with this method an infinite family of non-simple arrangements of 4k&1 pseudolines with p 3 = I 27  225  228  225  234  28  252  252  252  252  29  261  261  261  270  30  290  290  290  290  31  291  306  299  310  32  325  325  329  330  33  341  341  341  352  34  374  374  374  374  35  385  392  385  396  36  420  420  420  420  37  421  427  431  444  38  462  464  467  468  39  463  484  481  494  40  513  513  520  520 of simple arrangements with odd n, see [4, p. 27] . It should be noted that the arrangements R(n), R(4k)"L (and other exceptional arrangements, such A 13 ) also produce the best known examples for other extremal problems, such as the minimum of t 2 (see [6] and [4, Section 2.3]), or the maximum of t 3 [2, Section 4]. It would be interesting to find a closer relationship between these problems, Theorem 1.2 and Conjecture 5.2.
The Maximum Number of Simplices in Arrangements of Pseudoplanes
Any arrangement A=(P 1 , P 2 , ..., P n ) of n planes in the real projective space of dimension 3 also defines a cell-complex. The purpose of this section is to give a non-trivial upper bound for the number s of simplices (i.e., 3-dimensional faces which are tetrahedra) in such arrangements. All the results presented below also generalize to arrangements of pseudoplanes (see [1, Section 5] ), with similar proofs. We finally mention that the lower bound problem s 1, i.e., the existence of at least one simplex in general arrangements, first posed by Las Vergnas in [8] , is still unsolved.
Let A be a simple arrangement of n 5 planes, i.e., no vertex is contained into four planes of A. Clearly, no two simplices of A can have a common facet or a common edge. Thus, the number s of simplices is bounded by 1 2 v, where v denotes the number of vertices of A. These arguments, which are similar to those used by Canham to prove the inequality p 2 1 3 n(n&1) for simple arrangements of n 4 pseudolines, lead to the following. Theorem 6.1. Any simple arrangement of n 5 ( pseudo)-planes in the real projective space of dimension 3 has at most 1 12 n(n&1)(n&2) simplices.
We now show that this bound also applies to general arrangements, except perhaps for a finite number of examples.
Theorem 6.2. Any arrangement of n 10 ( pseudo)-planes in the real projective space of dimension 3 has at most 1 12 n(n&1)(n&2) simplices.
Proof. The arrangement A=(P 1 , P 2 , ..., P n ) induces an arrangement A i of (pseudo)-lines on each of its (pseudo)-planes P i . Let n(A i ) denote the Proof. The above arguments show that if s= 1 12 n(n&1)(n&2), then n(A i )=n&1 and p 3 (A i )= 1 3 (n&1)(n&2) for all i, 1 i n. Each arrangement A i is therefore a simple extremal arrangement. Moreover, the equality s= 1 12 n(n&1)(n&2) implies, for simple arrangements, that each vertex is contained into exactly two simplices of A, by the proof of Theorem 6.1.
Consider one of the (pseudo)-planes of A, say P 1 . By [11, Corollary 4] , any simple arrangement of n 4 pseudolines contains at least one 4-sided or 5-sided face. Since quadrilaterals are excluded for simple extremal arrangements of n 5 (pseudo)-lines (see [10, Lemma 2.1]), the arrangement A 1 contains at least one 5-sided face F. Moreover, the five faces T 1 , T 2 , T 3 , T 4 , T 5 of A 1 , which have a common edge with F, are triangular since A 1 is extremal (see Figure 6 .1).
For a better visualization of the situation, we may think of P 1 to be a horizontal (pseudo)-plane (this can actually be done for arrangements of planes, with adequate choices of the plane at infinity and coordinates). Then, the five simplices of A which have T 1 , T 2 , T 3 , T 4 , T 5 as facets, are alternatively``up'' and``under'' P 1 . This is obviously impossible since 5 is odd. K
